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Abstract

In this paper we prove a theorem which states the relationship between the topolinear iso-
morphisms on an infinite dimentional Hilbert Space I and the Homeomeorphisms on projective

Space P{H ). This theorem is proved by E:Artin in the finite dimentional case.
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Introduction

e following H is an infinite dimentional
able Hilbert Space and P(H) is its pro-
e space which is given a smooth siruc-
as in [2], € P(H) the
nentional vector subspace ol H generated
eld=H-0.

|+ [y] means the two dimentional subspace
ated by x,y € H. in fact (2] C [2] + [y]
s that there exists a,b € I such that z =
by. and if [2] # [z], There exists a unique
- such that [z] =

sary statmants from [2].

We mean by [z]

[z + dyl. We quote some

orem 1.1 Let S be a unit sphere in a normed

rspace B and T : B — B a linear bijec-
ranformation, and T be the induced bijec-

ransformnation
T:5— 8§

ed by T(u }_ IITI J|| forue S ¢ B.
i homeomorphism then T is also home-

"pg@"ism
AN
<
w§ are ready to state the theorem which 1s
@ of this paper
oigm 1.2 Let [ P(H) —s P(H) be a
ogorphism such thal

ey

[ I:i;wnlodhi fro

C [y] + [z] — fl=] < flv] + flz].

ere exists a topolinear isomorphism 1" :
— H such that the induced transformation
(H) — P(H) agrees with f.

Proof. the hypothesis implies that if [z] C
[v]+[2] then f~'[z] € f~'[y]+ f~[z] and by in-
duction on k, we gel that if [z] C 2]+ -+ [z

then flz] € fia] 4+ -+ [2e]; »ud frlz] €
I Hal+ ot £zl
Let {z;} be a Hamel basis for Hf where i is

an arbitrary element of a set A, It is clear that
if flz;] = [} then {y;} is also a Hamel basis for
H.

Now we choose an clement of A4 call it 1.then

for any @ # 1 the line
= [g1 + ] € [z1] + [z]

where [, is not coinside with [z;] or [r}], conse-
quently

SL; C [in] + [vi]
and fL, is not coinside with [1;] or [3y]. Then,

for some unique d; € R we have

fLi=[n + diyil.

by choosing a suitable y; we may assume that
diy = 1. Then

for i€ A,
and for 1 # 1,

flzi] = [v] (1)
flze + 2] = [ + il

Now we choose another index from A, call
it 2. Then fora e R

L = [zy + azy] C [24] + [22] where L # [z4]
Therefore
where fL # [1al.

fLC [-'!Jr] + [E-I"Elf

Then for a unique ¢’ € R we have
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Now we define

H:R— B

by pla) = o' and we will show that 15 the

identity function on 2, Since

liey + ary] # [y + baa| il a #b

it follows that o’ £ ¥, then u is injective, We

have also from (1) that

0'=0 and 1"=1]. (2)

Now, we will show that for anyi1 € A
fler + ani] = [ + o'yy]

For any fixed 7 # 1,20 A we have
Sz + az;] = [y, + buye).

On the other hand L = [z, — axy] C [xe] + [z]
with L # [z], and so fL ¢ [ya] + [3:] with
TL# [yi]. Consequently, fI = [ye + dy;] for
some unique d. On the other hand.

L€ +azy| + |y +ax] with L # [z +ax,.

Then as before fL = ([g; + a'yy) + d'(yy + by
and it follows that d = f, But

LG ey xy] + (2 + z;] with L # [y + 2]
and hy (1)
TLCln+uyl+ [y +u] with fL [y + 4]

Then for some unique # we have FL=[ya+ya+
My + w)], consequently d = —1 and b = o i
then for all i € A and g € R we have

Now we are going to prove that {18 surj
tive. Choose a finite number of n vectors of {5
including 2y and 7, say 2y, a, - iBas Then
induction we have

fles+ @@t +a,2,] = [y +abyat- ol

(

and it follows that

”ﬂzirz + -4 ”‘fl-'rr.J = [ﬂ;yz L FEg

+ @l al. (

[1] page 90.

Let L = [yy + by,] be a point of P{H), since
15 bijective, then there exists some v & ' suc
that L = flu], then v can be written as a Ii
ear combination of z; including z,, 4. For th

purpose we can use the above set #q, 15, ..+, 1
then

V=0T + e oo 4 ey,

By (5) we have &y # 0 and conse uently,
; q 3

b= f[:rq + _-"32-1-'2 + -+ ,n'?ﬂ.'l'n] with ,133' =

g

Then by (4) 8, = b and consequently u is sur
jective.

To show that p(a + b) = wla) + plb) w
consider the line L = [o;+ (a+ b)z; + x3]. Then
by (2) and (3) we have

L=vi+ (a+b)y2+ ys]
but

LC [z +ax]+ lbzy + 23] and L # [bxy + 23]

By (4) and (5)
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1d so fL = [(yy +a'ya) + A Fye + ya)] for some
It follows that A = 1 and =0

a+b)=(a+b) =a' + 6 = pla)+ p(b). (6)

Similarly by considering a line [z, 4 (ab)z:+
£y, we get

u(ab) = u(a).u(b) (7)

Thus g 15 a bijective mapping satisfving (2),(6)
id (7) and therefore it is the identity mapping
R Consequently
flavey + - + apxe] = [agn +--++ asyel. (8)

The equation (8) has been derived by fixing
, iy from the Hamel basis {z;}. Since it still
lds for a;.ay zeros, It follows that (8) is true
r any finite combination of vectors in {x;}.

If '€ H, then # =} ayz: ( a finite sum )
id so we define a linear map

T H—ff by T(z)=_ ay;

hen T 15 also a bijection and it induces a map

T P(H) — P(H)

Tla] = [T(2)] = 2 awyd = /[2]
m-;ﬁ:{m?nt]}', T agrees with .I'

Fhe bijection T 1 § — 5§ defined by T as in
4

n 2025-11-07 ]

h&rem 1.1 is a homeomorphism. This follows

o8 the commutative diagram

IS

= PLH) —Ls p(H) (9)
-8 r LY
g 61 1 é

c -

g g L5 8

scanse [ 15 supposed a homeomorphism and

is the local diffeomorphism between S and

fFrY 3 L RO ol KE it M & - 1. d P
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