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Throughout this note, A and B wil denote a
(non-trivial) commutative Noetherian ring with a
multiplicative identity clement and M will denote a
non-zero finitely generated A-module.

For every non-negative integer k, the sel

", (M) = {p € Spec(A) depth M, + dim Alp = ki
is called the singular set of M with respect 1o k.

It is known that when the ring A is homomorphic
image of a biequidimensional regular ring, then the
singular sets of M are all closed in the Zariski topology
on Spec(A) (see|3; ch. IV, 5.

A development of this famous theorem has been
recently shown in the sence that if A is a homomorphic
image of a biequidimensional Gorenstein ring, the

singular sets of M are stll closed (See[2]).

The purpose of this article is 1o show that if B
homomorphic image of a Cohen-Macaulay local 1
then S'y(N) is closed, for every finitely gener
B-module N.

First we prove some preliminary lemmas
propositions which help us 10 conclude the subseq
main theorem. From now on, A will deno
Cohen-Macaulay local ring with the unique ma
ideal m, and A (respectively M) will denote the m

completion of A (respectively M).

1. Proposition. Let ¢ : A = A be the n:
homemorphism. Then for every ¢ € Spec(A),
s(ME=P = ¢° € S, (M) (for any ideal J

we write J° for 7 (1)).

Proof. By [5:233], depthy, (M, & aph
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depthay(Mp) + depth(Ay/pAgAy), since.
@Ay Ay

a_, pla
s @(s)

is a flat homomorphism. Also we have

M, Baphq = (M @adp)OrpAq = M@A(ABapAq)
M ®:A, = MOA(ABNA,) = (M@AA)BiAq
= M ®RA, = M,

I

Thusg we conclude that
depthji, (M) = deptha M, + depth(AypApAy).
On the other hand, since A is Cohen-Macaulay, Ais a
cohen-Macaulay local ring, whence, by corollary of
[5:23.3], A pAyA, is a Cohen-Macaulay ring. But
AypAAq = Agphy
Hence )
dcpth(ﬁh—q} = dim{ﬁﬂq—].
Maoreover, by [5;15.1],
hig=htp+ dlm{—ﬁ;},

Hence

depthA (M) = depthay(My) + hitg - hitp.
From which we get, by [5:17.4],

deptA, (M) + uimr%} — depthag(M,) + dimA - ki p

deptha,(Mp) + dimA - ht p

il

deptha, (M) + dim[%]

The result now follows,

2. Proposition. With the same assumption as in
Propusition 1. Let p,pr Spec(A) be prime ideals such
that p Cp and p EF x(M). Then pESUM).

Proof. Sincey: A ~— A is a fathfully fat
homomorphism, there exists q ESpec(A) for which

{qj":p? (by [5:7.3]). But ¢ has the pgoing down

property (see[5;9.3])- Hence there is a prime ideal

Vol & [ Nee 1, 2

i o

q ESpec(A) such that ¢°=p and 4 C q. By Proposition
I this implies that ¢ € 8"(M). But A is a homonormmic
image of a regular locul ring (see}5;29.4(ii)]); thus by
3], S"\(M) is @ closed subset of Spec(A) (note that,
every Cohen-Macaulay local ring is bicquidimensional
ring). This implies that qu S (M), Again from

Proposition 1, this in  turn implies  that

(q)F=p ES"\(M) us required.

3. Lemma. (Sec[dich.1, $6, Bx. 1]) Let RET be rings
and p a minimal prime ideal in R. Then therc exisis in

T a prime ideal contracting to p.

Proof. Let p be a minimal prime ideal of R. Set
§=R-p, und

K= {a|aNS=¢&ais anideal of Th.
Then K have a maximal clement which is prime ideal
of T, Let g be such prime ideal. Since {YNR)NS=¢,
we have (MR Ep and consequently g M R=p.

We now turn to the main theorem of the note.

4. Theorem. For every positive integer k, 5" (M) is @

closed subset of Spec(A).

Proof: Since 8", (M) is closed in Spec(A), there exists
an ideal 1 of A such that V(J) = S'y(M). It is enough
1o show tlat

V(%) = $'x(M)

Let pES (M). Hence there is q€ §"(A) such
that g° = p. Hence g € 8"y(M). Thus J & g; this implies
that *Cq°=p 1. &, p EV(J%.

Now let pEV(I®. ¢ induces the onc-lo-one

homomorphism
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@A = A
a+ 1° = pa) + 1

There is also a minimal prime ideal of J® as p such that
FCpCp.
Now by Lemma 3, there is q/J in Spec(A/) such that
@ (g) = pi*

Hence p = q° and J Cq. Hence g € V(J) = S"y(M). It
follows from Proposition 1 that pE&S'(M). By
Proposition 2, we conclude that p E 8™ (M).

Hence V(J%) = S"y(M) and $'y(M) is closed as

claimed.
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5. Corollary. Let B be a homomorphic image of A
Then for every finitely pgenerated B-module N the

singular sets S'h(N} are closed.

Proof. Let f: AEB be the relevant ring epimorphisim.
By [1;5], for every non-negative integer k,

$"(N) = {p ESpec(B): f1(p) ES'uN | A)}
in which N | 4 is the module N to be considered by
restrivtion of scalars by means of f. Since S (N | 4) is
a closed subset of Spec (A), and f " Spec (B) = Spec
we  conclude  that
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FIS N | o) = Su(N) is a closed subset of Spee(B).
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