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Abstract

The efficiency measures provided by DEA can be used for ranking Decision Making
Units (DMU’s), but this ranking cannot be applied to efficient units,
Peterson have proposed a modified

used for ranking,

Anderson and
efficiency measure for efficient units which can be

but this ranking breaks down in case of units with at least one input of

zero. This paper proposes an alternative efficiency measure that removes this problem.

The model is illustrated by an application to the University for Teacher Educatjon,

for which the Anderson - Peterson maodel was not able to give a ranking for two units,

madel.
(Data Envelopment Analysis, Efficiency, Ranking)

which were ranked successful] y by the proposed
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ersity for Teacher Viducation

ntroduction.

nvelopment Analysis (DEA) provides a mea-
' the efficiency of a Decision Making Unit
relative to other such units producing the
utputs with the same inputs. This technique,
eloped by Cha-rnes, Cooper, and Rhodes
(1978), and extended by Banker, Charnes,
soper (BCC) (1984), is a linear programming
ure for an analysis of inputs and outputs. The
ure does not require prior weights on inputs

tputs.

standard DEA method assigns an efficiency
w65 than one to inefficient DMU’s, from which
ing can be derived. However, efficient DMU’s
e an efficiency of 1, so that for these units no
g can be given. A model for ranking efficient
s was proposed by Andersen and Pefersen
. Their model was called Extended-DEA, and
| in this study for the University for Teacher
tion (UTE). However, this model breaks down
cient units with at least one zero input.

his paper, a new definition of efficiency is pro-

that can be extended for ranking efficient
s. The extended method is applied to data for
TE.

: Ele of zeros in data has been considered by
e Cooper and Thrall (1991) and Thomp-
Djgarmaphala, and Thrall (1993) but this pa-
e% with the problem of ranking the efficient
's §n\rﬂlving zeros in input data.

& éa.per unfolds as follows. Section 2 represents
n@rsen and Petersen model. Section 3 presents
nu%el based on a definition of efficiency in pro-
urgpoﬁaibilit.y set (PPS). In section 4, the two

ﬂsqére compared, using two illustrative example.
nn}é& applies the two models to the UTE data.
[=

mg@ary is given in section 6.
[a

[a—

2 The
Model.

Andersen-Petersen

The standard DEA method assigns an efficiency
score of less than one to inefficient units. A score
less than one means that a linear combination of
the other units could produce at least the same vee-
tar of output using a smaller vector of inputs. This
score can be used to rank inefficient units. Andersen
and Petersen (1993) developed a similar model for
ranking efficient DMU’s, which in the standard DEA
method have a score of 1. The basic idea in their
model is to compare the unit under evaluation with
a linear combination of all other units, i.e., all units
excluding the unit itself. In this case, an efficiency
score above 1 is obtained for efficient units. This
score reflects the radial distance from the unit under
evaluation to the production frontier estimated with
the exclusion of that unit, i.e., the maximum propor-
tional increase in inputs producing at least the same
outputs,

The Andersen-Petersen model (AP-Model) is iden-
tical with the CCR method, except that the unit un-
der evaluation is not included in the combination.
Therefore the p* DMU can be evaluated as follows:

e = min rp— €[TR s + Do o]
gubject tm

L1}

ij)f;j +s=rpXip, i=1,...,m,

!1'=|:I
i#e
n

Z}'jyrj_sirz‘r:‘pt 1= Irn-.13,

_!lll
i#p .
Jl._,', 8, 5, 2 U, 'ﬂ'l_'h 1.| bt

where Y,; is the rt qutput and X;; is the i*" input
for the j®8 DMU, r, is a scalar defining the share
of p' DMU input vector which is required in or-
der to produce the output vector of p™ DMU, A;
denotes the intensity of the j*" DMU, and € is an

non-Archimedian infinitesimal.
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3 Efficiency Analysis by an
Alternative Measure.

There are n DMU’s to be evaluated, each consumes
varying amounts of m different inputs to produce s
different outputs.

In the model formulation, Xy and Y, denote, re-
spectively, the nonnegative vectors of input and out-
put values for DMU,,.

Definition. The production possibility set (PPS) T'
is the set {(X;, ¥})| the outputs ¥, can be produced
with the inputs X,}.

The set of n DMU’s of actual production possi-

bility (X;, ¥;), 7 =1,

focus is on the empirically defined production possi-

<oy m 18 considered, OQur

bility set T' with costant returns assurmption that is
specified by the following four postulates:

¢ Postulate 1 (Ray Unboundedness).  If
(Xe, ¥i) € T then (AX,, AY;)) € T for all
A0,

e Postulate 2 (Convexity). If (X,, Y:)
€ T and (Xy, Y.) € T, then (AX, + {1 -
MNXy, Wi+ (1=XNY,)eTforall A e [0, 1].

* Postulate 3 (Monotonicity). If (X,,
n] € T and XH '2 Xh K.I- E Yi then {XHI Vu] =]
p s

¢ Postulate 4 (Inclusion of Ohservations),
The chserved (X;, Y;)e Tiorallj = 1, ..., n

* Postulate 5 (Minimum extrapolation). If
production possibility set 7" satisfies Postulates
1, 2,3 and, 4 then T C T*.

The unique production possibility set with con-

stant returns assumption determined by the above
postulates is given hy:

T={Xe Yl X2 30X, %< 30y,

i=1 1=1

Az0, f1=1,...,n)

The boundary of this convex set consists of a straight
line, plane, or hyperplane through the origin, as 7' is
a convex cone that contains all of DMU's, see Fig-
ure 1 for the simpelst case of single input and single
output.

Dhitput

| /

(Xp+upe, V)

(raXa, ¥5)

Vil
7 :

/ o

Aol |

Figure 1: Production Possibility Set.

Input

For efficiency evaluation relative to the set 7 ', we

have the following two linear programming problems:

- & L — +
r =minr, Wy = min w,

subject to:
(rpXp Yp) €T,

subject to :
(Xp +wpe, ¥p) €T,

which give the CCR-Model and our formulation
respectively as follows:

T, =minrg

subject to

E;=1 Aj K <Xy,
F:l‘lj}’:f 2 Y,

A 20 Fisil . W

i
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wy = min wy

subject to:

Yim1 X5 £ Xp +wpe,
E}j=1 J'J"Yf 2 YPJ

J‘jzﬂi i=1, ..M,

is a vector of units.

ew model assigns negative efficiency scores
cient units, and zero efficiency scores to all
units. An extension of this model can be
. ranking efficient units, This extension is
| with the model except that the unit under
on is excluded. The extended model is as

w; =min
subject to:
Tk
D oAX; £ Xy twge,

=1

f#ﬁ?

ZJ‘:’Y} = Yp,

aml

i#r

Azl g=L a0

ds to the non-Archimidian infinitesimal from
nodel as follows (this formulation will be ref-
JAM-Model ! in this paper):

g = min ity —¢ [E:lisi + Yoo srl
ibject  io:

T

N X+ si = Xip g, i=1.0m,

eﬁt units will have a nonnegative efficiency
wﬁla inefficient units will have the same neg-
aiﬁlen-::}r scores as before. Therefore, JAM-
cgu be used for ranking both inefficient and
wSinits. It should be obvious that the op-
o%active function values for JAM-Model are

-

u%mmm, Alirezace and Mehrabian Model,

[a—

dependent upon the units of measurement of input
data, Xj, § = Loy
obtain unit independence by normalization, as dis-
cussed later.

The unique production possibility set with variable

returns assumption determined by postulates 2, 3, 4,

n. However, it is possible to

and 5 is given by :

T={(Xo Y X2 DMK B S NY,

y=1 J=1

):-A, =1, A >0, §=1,...,n}
=i
A discussion similar to the constant returns as-
sumption leads to the BOC-Model and our second
formulation, and extension of our second formulation

for ranking efficient units can be as follow:

Z=min 5 —¢ [E";l si 4 Yy 5:,]
subject to:

n
Z}'jxﬁ +8 =X+ i=l...,m,

=1

i#r
5 i
E}i'Yrj—SfZera 1‘-=1|"-‘13!

. y=1

i#p
i1

Z}Lj =1,

4 The Comparison of the Two
Models.

Two models for ranking the efficient DMU’s were
discussed in section 2 and 3. Section 2 represented
the AP-Model and section 3 represented the JAM-
Model, This section compares these two models us-
ing two illustrative exmnpias.

In an actual set of data, it is possible that one or
more of the data inputs and cutputs are zero. It is
also possible that some data inputs and outputs are
small in comparison with other inputs and outputs.
In these cases, AP-Model, can not correctly evaluate
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the efficiency of the DMU’s. If the DMU under eval-
uation has at least one input equal to zero, the AP-
Model will be infeasible and if the DMU has at least
one input which is small in comparison with other
inputs, AP-Model will measure this DMU without
stability.

The measure given by JAM-Madel successfully
evaluates the above cases, so that meaningful scores
are obtained for all data,

In order to make usnal scores, the scores in JA M-
Model may be rescaled from [—1,+1] to [0%, 200%)
5o that of 0 is rescaled to 100%. A score less than
100% means that the corresponding DMU is ineffi-
cient and greater than or equal to 100% means that
the corresponding DMU is efficient,

4.1 Illustrative Example 1:

Table 1 gives an example of the above cases.

Ay A A3 B C D E
inputl 20 .1 5 10 10,2
input2 888 5 4 6 12
outputl | 1 1 1 1 2 2
output2 | 222 1 1 1 9

Table 1: Comparison Test Data.

There are 5 DMU’s (A, B, C, D and E) each con-
sume two inputs to produce two outputs with con-
stant returns assumption. In order to remove the

effects of changes in units of measurement from the
input data, the data must be normalize before ap-
plying the method. It can be done by dividing inputs
data by the maximum input (for each input).

Vol 8. | No. 1,2, 3

In this example DMU,,, DMUy, and DMU,, are
compared with all other DMU’s (B,C,D and E) in
the following three paragraphs by CCR-Model, AP-
Model and JAM-Model.

¢ DMU,,, is evaluated to be efficient by CCR-
Model, and is evaluated as efficient by AP-
Model with efficiency score equal to 147%. It
is evaluated as efficient by JAM-Model with ef-
ficiency score equal to --0.276, which rescales to
100(1 + 0.278) = 127.6%. In this case, there is
no problem,

* Consider now DMU 4, which has an input equal
to zero. DMU,, is evaluated to be efficient
by CCR-Model, but it can not be evaluated by
AP-Model. However, it is evaluated as efficient
by JAM-Maodel with efficiency score equal to
+0.310 which rescales to 131.0%.

¢ Consider now DMU 4, which has an input equal
to 0.1. DMU 4, is evaluated as efficient by CCR-
Model, and can be evaluated as efficient by
AP-Model with efficiency score equal to 2000%
which is unstable. It is evaluated as efficient
by JAM-Model with efficiency scare equal to

+0.309 which rescales to 130.9%.

4.2 Tllustrative Example 2:

A comparison of these two procedures for ranking
DMU’s is illustrated on the Farrell frontier. Cone
sider the DMU’s of Figure 2, each produces one out-
put using two inputs with constant returns assilInp-
tion. DMUc is efficient and it can be evaluated by
AP-Model with efficiency score of (1009%") and eval-
uated by JAM-Model with efficiency score w which
rescales to 100(1 + we).
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e DMU 4 has small value for input 1
[see Figure 4):

Input2
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Figure 4: DMU 4 has small value for input. 1.

Input1
Figure 2: Farrell Efficiency Measurements. Pt

ome examples are presented in the following fig-
; that show the AP-Model cannot evaluate the

i o s DIMUe dorfeetly, In this figure, AP-Model evaluates DMU, with effi-

ciency score of (100$4-)% that is much greater than

DMU 4 has zero for input 1 (see Figure 3): 100%, where is unstable, but this DMU is evaluated
with efficiency score of 100(14w.a)% by J AM-Model.

s DMU, and DMUg are similar units that have

Input2 .
small values for input 1 (see Figure 5):

]
1
|
I
|
]. I f
I
]
]
]
]
]
s 1
0 i .
8 | 1 . |
g ! i il
S o §
0 WA 1 Inputl ¥
—_ LI |
é Figure 3: DMU 4 has zero for input 1. AL
o} I
S b
% i i
i Wi 1 Inputl
t!%s figure AP-Model evaluates DMU,4 with effi- Figure 5: DMU 4 and DMUg are
ney score of gimilar with small values for input 1,

J0BA- )% that is oo but this DMU is evaluated with
ic%nr,}r score of 100(1 + w4 )% by JAM-Model.
[a)

[a—
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In this figure, AP-Model evaluates DMU, with ef-
ficiency seore of much grater than 100%, while
DMUg is evaluated with efficiency score of about
100%, and it is obvious that these results are unsta-
ble, but these DMU's are evaluated with efficiency
scores of 100(1 + ws)% and about 100% by JAM-
Maodel, respectively.

¢ DMU, has zero for input 1 and DMUg has
small value for input 1 (see Figure 6):

Input2

1
]
i
|
|
1
]
¥
|

D
|

O WA

1 Inputl
Figure : DMU 4 has zero for input 1

and DMUg has small value for input 1.

AP-Model evaluates DMU 4 with efficiency score of
(10024°)% that is oo while DMUpg is evaluated with
efficiency score of about 100% and unstability is ob-
served, but these DMU's are evaluated with effi-
ciency scores of 100(1 + w4)% and 100% by JAM-
Model, respectively.

9 An Empirical Study.

In Jahanshahloo and Alirezaee (1995), ke evaluation
of teaching in the UTE was considered. Teaching in-
puts were expressed in teacher hours and classified in
terms of two inputs, professorial staff and instruc-
tors. Teaching outputs were expressed in student

Vol 8. (No. I, 2,3, 4| 199697

A

hours and classified in terms of two outputs, course
enrollment in undergraduate and graduate studies
{see appendix).

Table 2 gives the AP-Model results, efficiency
scores and reference sets, with two inputs and two
outputs. Six units were found to be efficient. The
AP-Model assigns infinity values to the Department
of Women's Physical Education, the 9" DM I, and
Institute of Mathematics, the 19 DMU, which are
indicated by an asterisk.

The academic units at the UTE may be evaluated
using JAM-Model. Table 3 gives the efficiency scores
and reference sets obtained by this model. The rank-
ing is approximately the same as that of Table 2,
except that DMU’s 9 and 19 now have an explicit
ranking.

Extended model, JAM-Model, successfully evalu-
ated all efficient academic units at the UTE. in con-
trast to AP-Model,

In the application of AP-Model and JAM-Model
on real data-set of the UTE, computational DEA
issues of Ali (1994), Ali (1993), and Ali and Seiford
(1993) have been considered.

6 Summary.

If an efficiet DMU has at least one input equal to
zero the Andersen-Petersen model gives an infinite
result for this DMU, and if the DMU has at least
one mput with small value in comparison with other
inputs, this model measures this DMU without sta-
bility. These cases are successfully evaluated and
ranked by the new model proposed in this paper.
omputational difficulties of the Andersen-Petersen
model were observed in evaluating efficient academnic
units at the UTE. This model could not evaluate the
Department of Women's Physical Education and the
Institute of Mathematics. These academic units were
successfully evaluated by the new model.
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DMU | Ef. Ref. Sets (¢ =0.33 x 107°)

19 *
2 174% | Ay = 0.492 Ay = 1173 Moo= 0.114
15 133% | M = 0.938 Mg = 2.064
5 130% | Az = 0.956 Mg = 0.479
115% | A2 = 0.492 Ao = 0.220 s = 0.353
97% | Az = 0.276 Ay = 0.648 Ag = 0.641
10 96% | Ay = 1.060 Ay = 0.603
3 95% | Ay = 0.585 Ay = 0073
17 89% | A = 0375 As 0.091 M= 0.338
18 85% | Az = 0.978 As 0.191 Ao = 0.186
7 1% | A2 = 0.487 As = 0.204
12 66% | Ay = 0.564 Az 0.285 Arg = 0.392
63% | Ay = 0.542 Az 0.156
6 58% | A, = 0.131 da = 0.274

I

Il

Il

16 57% | A = 0.231 Ay = 0.582
14 54% | 4 = 0.726 Ay = 0.232
13 45% | M = 1.210 X = 0.099
11 45% | M = 0.048 Ay = 0.528 Ao = 0.504

Table 2: AP-Model Efficiency Scores for 19 Academic Units of the UTE,

4
8
©
N
o
«
c
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£
X
|
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c
S
S
B
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DMU
19

16
12
14
i3
13

Table 3:

Eff. Rescaled
+0.281  jogey
+0.104 1109
+0.092 1099
+0.065  105%
+0.047 1059
+0.043 1049
-0.010 99%
-0.011 99%
-0.020 98%
-0.021 98%
-0.022 98%
-0.051 95%
-0.070 93%
-0.118 88%
-0.141 86%
-0.153 85%
-0.235 7%
-0.250 75%
-0.457 54%

Ref. Sets
Ais = 0.579
Az = 0.033
Az = 0.575
Ay = 0.938
Az = 0.575
Az = 0.789
Az = 0.998

Fal S.ING.I.E,E,J!IPM

(€=0.55 x 10-9)

Mz = 0.850
Az = (.83]
Az = 0.647
Ae = 1.497
Mo = 0.177
Ae = 0.701
As = 0.648
Az = 0.066
As = 0,428
Az = 0.609
As = 0.09]
As = 0.265
Az = 0.398
Az = 0.128
A2 = 0.903
Ais = 0.049
Az = 0.194
Az = 0.054
Ats = 0.137

J-]g = ﬂa[}g‘{'
A9 = 0.580
Jllm = ﬂ.2?4
.:‘1_5 = 9358

Ag

0.701

JAM-Model Efficiency Scores for 19 Aacademie Units of the UTE.
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[ No. | Department /Institute I I2 01 o2
Faculty of Literature
I | Persian Literature 8.0 876 5191 905
2 | Theology and Islamic Culture 85.0 128 3629
3 | History 96.7  55.2 3302
4 | Geography 91.0 78.8 3379
5 Fc:-r&ign Languages 216.0 72.0 5368 639
6 | Arabic Language and Literature 98.0 256 1674 ¢
7 | Social Sciences 1122 88 2350 0
Faculty of Physical Ed.
Men Physical Education 293.2 520 6315 414
Women Physical Education 186.6 0.0 2865 ¢
Faculty of Sciences
10 | Mathematics 1434 105.2 7680 g
11 | Geology 108.7 127.0 2165 9266
12 | Bioiogy 105.7 1344 3963 315
13 | Chemistry 235.0 236.8 6643 238
14 | Physics 146.3  124.0 4611 198
Faculty of Education
15 | Foundations of Education 57.0  203.0 4869 540
16 | Instructional Technology 118.7 482 3313 1g
IT | Psychology 58.0 474 1853 93p
18 | Guidance and Counseling 146.0 508 4578 217
19 | Institute of Mathematics 0.0 913 0 EEI'SJ
APPENDIX: Inputs and Outputs for 19 Academic Units of the UTE
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