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Abstract

We introduce quasi-cofaithful ideals which are a generalization of cofaithful ideals, and
investigate their properties. We hold that a faithful ideal [ is quasi-cofaithful if I contains
a finitely generated faithful ideal I,. We show that every faithful ideal of R is quasi-
cofaithful if and only if every faithful ideal of M, (R) is quasi-cofaithful. Also we show
that if R has the descending chain condition on right annihilators of right ideals, then each
faithful ideal of R is quasi-cofaithful. For a u.p.-monoid M, it is shown that if R is a
quasi-Baer ring, then each faithful ideal of R is quasi-cofaithful if and only if each faithful

ideal of the monoid ring R[M ] is quasi-cofaithful.

1. Introduction

Throughout this paper R denotes an associative ring with identity and all modules
are unitary. A module M, is said to be cofaithful if there exists a finite subset X < M
such that r,(X)={re R| Xr =0} =0, or equivalently, if for some direct sum M “of k
copies of M, there exists an exact sequence 0 — R — M*. Recall that an ideal (right
ideal) I of aring R is called faithful whenever r,(I)=0. For a nonempty subset X of
R, r,(X),< X >and /,(X) denote the right annihilator of X in R, the ideal generated
by X and the left annihilator of X in R, respectively. Beachy and Blair [1] studied

rings that satisfy the condition that every faithful right ideal I of R is cofaithful.
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Faith [5] introduced the class of right zip rings. Faith [5] called a ring R right zip
provided that if the right annihilator of a subset X of R, r,(X), is zero, then r,(Y)=0

for a finite subset Y < X ; equivalently, for a left ideal L of R with r,(L) =0, there
exists a finitely generated left ideal L, = L such that r,(L,)=0. Left zip rings are
defined similarly. A ring R is zip if it is right and left zip.

If R is aright zip ring, then every faithful right ideal / of R is cofaithful. In fact,
the class of right zip rings is a proper subclass of rings whose faithful right ideals are
cofaithful. Note that a commutative ring R 1is zip if and only if every faithful (right)
ideal of R is cofaithful. We denote the nxn full matrix ring over R by M (R).

Beachy and Blair [1, Proposition 1.9] proved that if R is a commutative ring in
which every faithful ideal is cofaithful, then every faithful ideal of R[x] is cofaithful.
Cedo6 [3, Example 1] proved that there exists right (or left) zip ring R such that M, (R)

is not right (left) zip. Also, he proved that if R is a commutative zip ring, then M (R)

is a right zip ring. Zelmanowitz [13, Introduction] noted that any ring satisfying the
descending chain condition on right annihilators is right zip, and he also showed that
there exist commutative zip rings which do not satisfy the descending chain condition
on (right) annihilators.

Faith [6, Corollary 8.5] proved that if R is a commutative zip ring and G is a finite
abelian group, then the group ring R[G] of G over R is zip.

A ring R is called Armendariz if whenever polynomials f(x)=a,+a,x+---+a,x",
g(x)=by+bx+---+b,x" € R[x] satisfy f(x)g(x)=0, then ab, =0 foreach i, .

Hong, et al. [9] studied the extensions of noncommutative zip rings. If R is an
Armendariz ring, then R is right zip if and only if R[x] is right zip if and only if
R[x,x'] is right zip.

Motivated by results in Beachy and Blair [1], Ced6 [3], Zelmanowitz [13] and Hong
et al. [9], we investigate a generalization of cofaithful ideals which we call quasi-

cofaithful ideals. We say a faithful ideal [ is quasi-cofaithful if [ contains a finitely

generated faithful ideal 7, .

184


https://ndea10.khu.ac.ir/jsci/article-1-1441-en.html

[ Downloaded from ndeal0.khu.ac.ir on 2025-11-14 ]

On Quasi-cofaithful Ideals N. Haj Abotalebi, E. Hashemi

We show that every faithful ideal of R is quasi-cofaithful if and only if every
faithful ideal of M, (R) is quasi-cofaithful. Also we show that if R has the descending
chain condition on right annihilators of ideals, then each faithful ideal of R is quasi-
cofaithful. For a u.p.-monoid M , it is shown that if R is a quasi-Baer ring, then each
faithful ideal of R is quasi-cofaithful if and only if each faithful ideal of monoid ring

R[M] is quasi-cofaithful. As a corollary, we show that if R is a semiprime or quasi-

Baer ring, then each faithful ideal of R is quasi-cofaithful if and only if each faithful
ideal of R[x] is quasi-cofaithful if and only if each faithful ideal of R[x,x”'] is quasi-

cofaithful. Also we show that each faithful ideal of R is quasi-cofaithful if and only if

for each n > 2, each faithful ideal of R[x]/ < x" > is quasi-cofaithful.

2. On quasi-cofaithful ideals
Definition 2.1. Let / be a faithful ideal of a ring R. We say that [ is quasi-cofaithful
whenever [ contains a finitely generated faithful ideal 7, of R.
Obviosly, cofaithful ideals are quasi-cofaithful. Also faithful ideals of right zip rings

and faithful ideals of prime rings are quasi-cofaithful. If R is a commutative ring, then

R is zip if and only if all faithful ideals of R are quasi-cofaithful.

Remark. Ced6 [3, Example 1] proved that there exists right (or left) zip ring R such
that M ,(R) is not right (left) zip.
The following theorem shows that there exists non right zip ring R such that all

faithful ideals of R are quasi-cofaithful.

Theorem 2.2. Let R be aring and n a positive integer. Then each faithful ideal of R is
quasi-cofaithful if and only if each faithful ideal of M, (R) is quasi-cofaithful.

Proof. Assume that each faithful ideal of R is quasi-cofaithful. Let J be a faithful ideal
of M, (R) . There exists a faithful ideal / of R such that J =M  (I). Since each faithful

ideal of R is quasi-cofaithful, there exists a finite subset B — I such that r,(< B >)=0.

Then 1, (M,(<B>))=0. Since <B> is a finitely generated ideal of R, hence
M, (< B >) is a finitely generated ideal of M (R) . Therefore J is quasi-cofaithful.
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Conversely, suppose that each faithful ideal of M (R) is quasi-cofaithful. Let I be
a faithful ideal of R. Then M ([) is a faithful ideal of M, (R) . Since each faithful ideal
of M, (R)is quasi-cofaithful, there exist 4,,...,A, € M, (I)such that
T (< Apn..., A, >) =0. There exists an ideal I, of R such that <A,...,A >=M (I)).
Clearly I, < I and I, is a finitely generated ideal of R.If a€ r,(/,), then
AM (R)I is the identity matrix of M (R).Thus

l,,a€n, r(<A,..,A, > =0, andso a=0.Hence I is quasi-cofaithful.

a=0 for i=1,...,m, where I

nxn n

Proposition 2.3. A ring R has the descending chain condition on right annihilators of

ideals if and only if for each ideal / of R there exists a finitely generated ideal I, I

such that r,(1,) =r, (1) .

Proof. Assume that R has the descending chain condition on right annihilators of
ideals. Let I be an ideal of R. Assume that X ={r,(J)|J is a finitely generated ideal of

R contained in /}. Choose a finitely generated ideal /, of R contained in / such that
r(1,) 1s a minimal element of X . We claim that r,(1,) =r,(I). Clearly, r,(I)cr.(,).
Now, let a e r,(1;) such that a ¢ r,(I) . Then xa # o, for some xe I.Let I, =<I,x>be
the ideal of R generated by I, U{x}. Then I, is finitely generated and contained in /
and r,(1,) c rp(1,), which is a contradiction.

Conversely, let A, D A, D A; D--- be a descending chain of right annihilators of
ideals of R.Let I =U7,/,(A,). Clearly I is an ideal of R. Then there exists a subset
{x,,...,x,} =1 such that r,(<x,,...,x, >)=r,(I). There exists a positive integer k
such that {x,,...,x,} C ((A), for all i>2k. But for ik,
A =1(L(A)) S (< xp,..,x, >)=1,(I)  A;. Hence A, =r,(I) for each i >k and the

chain terminates at A, .

Theorem 2.4. Let R has the descending chain condition on right annihilators of ideals.

Then each faithful ideal of R is quasi-cofaithful.

Proof. If follows from Proposition 2.3.

Proposition 2.5. Let R be a ring such that every faithful ideal is quasi-cofaithful.
I- R is not a direct product of infinitely many (nontrivial) rings.

2- If R is semiprime, then it contains no infinite direct sum of nonzero ideals.
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Proof. (1). Assume that R = HielR,. , where I is an infinite set and R, is a ring, for each

iel.Let A=®,_,R. . Then A is a faithful ideal of R but not quasi-cofaithful.

iel
(2). Assume that A=®7, A is an infinite direct sum of ideals of R . First we show
that A7, (A)=0 and A® r,(A) is a faithful ideal of R. Let I =r,(A® r,(A)). Then
I cry(A), and r,(A)I =0. Hence I’=0 and so I =0, since R is semiprime. By a
similar argument one can show that A()r,(A)=0.

By assumption there exist x,,...,x, € A®@ry(A), such that r,(xR+---+x,R)=0.
But there exists an integer n such that x,e A, ®---® A @ r,(A) for all i, and so for
any 0% ye A

n+1

we have ye rp(x,R+---+x,R) =0, a contradiction.

We denote the nXxn upper triangular matrix ring over aring R by 7 (R).

Remark. Hong et al. [9, Proposition 4] showed that there exists an nXn upper
triangular matrix ring over a right zip ring which is not right zip for any n > 2.
The next theorem allows us to construct numerous examples of non right zip rings

such that each faithful ideal is quasi-cofaithful. For each /<i,j<n, let E; be the

matrix units.

Theorem 2.6. Let R be a ring and n=2. Then each faithful ideal of R is quasi-
cofaithful if and only if each faithful ideal of 7 (R) is quasi-cofaithful.

Proof. Assume that each faithful ideal of 7, (R) is quasi-cofaithful. Let I be a faithful
ideal of R. Then T, (/) is a faithful ideal of 7,(R) and so there exist A,,...,A, € T,(I)
such  that  r (<A,...,A,>=0. Let A =(q) for s=L...m. Let

X={a;ls=1,...m1<i,j<n} and J=<X>. Since 7, ,(<A,....,A,>)=0, we

Tll
have r,(J)=0. Therefore I is quasi-cofaithful.

Conversely, assume that each faithful ideal of R is quasi-cofaithful. Let X be a
faithful ideal of 7,(R). Let I, ={ae RlaE,;e X} for i=1,...,n. Since E, XE, € X

and E, XE,, c X, hence [, is an ideal of R and [,,cI,, for i=1,...,n. Thus
Y=I1,E,,+1,E,,+---+1,E, Y is anideal of T,(R). Since X is a faithful ideal of
T,(R), hence ry(I,;)=0. Since each faithful ideal of R is quasi-cofaithful, there exists
a finitely generated faithful ideal J,, of R such that J,, c/,,. Then
J,E,+J,E,+--+J,E, < X is afinitely generated ideal of T,(R). One can easily
check that r.  (J,,Ey +J,E, +---+J,,E,) =0. Therefore X is quasi-cofaithful.
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Now we consider a special kind of subring of nXxn upper triangular matrix ring. For

a a, - 4,

. . . a coe a2n
aring R and n > 2, we consider the ring R (R) = . |la,a; € R

0 0 - a

Theorem 2.7. Let R be a ring and n=2. Then each faithful ideal of R is quasi-
cofaithful if and only if each faithful ideal of R, (R) is quasi-cofaithful.

Proof. Assume that each faithful ideal of R is quasi-cofaithful. Let J be a faithful ideal

a a, -+ 4,
0 a - a,, .
of R (R). Let I =qae RI - : € J for somea;e R;. Clearly I is an
0 O 0
a a, a,|l0 0 b
ideal of R. If ber, (), then N af" (:) =0 for each
0 O a |0 O 0
a a, - 4,
0 a - a,

" |e J.Hence b=0 and so r,(I)=0. Since each faithful ideal of R is

o o --- a

quasi-cofaithful, there exist a,...,a,€l such that r,(qR+---+a,R)=0. Then
G g, w0 Gy,
0 ak e ak .
A = : N :2" e J for some @, € R, where k=1,...,m. We claim that
0 0 - a
b b, - b,
0 b - b,
R (AR, +-+AR)=0. Let B=|. . . . € (AR, +--+AR).
0 0 b
0 b12 bln
0 0 b,, )
Then berg(aR+--+a,R)=0. Thus B=| ., . . |. Since AaE,;B=0 for
0 0 0

each ae R and j=2,...,n, we have bjke rp(a,R+--
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0 b, b,
0O 0 - ‘
k=3,...,n.Thus B=|. . . . |- Since Ber, (AR, +--+AR,), we have
0 0 - 0
b,ery(aR+--+a,R)=0, for j=2,...,n, and so B=0. Therefore J is quasi-
cofaithful.
Conversely, assume that each faithful ideal of R (R) is quasi-cofaithful. Let / be a
a a, - aln_
a oo
faithful ideal of R. Assume that J = . 2 la, a; € I;. Clearly J is an
0 O a |
_b bl2 In
. . . . 0 b T b2n
ideal of R (R). We claim that J is faithful. Let B=| . . . o€ e, (S ).
0 0 b
a 0 O\ b, - b,
0 a - 0|0 b - b,
Then T : =0, for each ae I . Hence b,bije r.(I)=0 and
00 - aloO 0 - b

SO Iy gy (J )=0. Since each faithful ideal of R (R) is quasi-cofaithful, there exist

a 4y, -4, e Gy, o Gy,
0 al DY al 0 ak e ak
A= , - :2” oA = : N :2” eJ such that
0 0 - aq 0 0 - aq
R (AR, (R)+--+ AR (R)=0. We claim that r(aqR+--+aqR)=0. Let
00 - b
00 - 0
berg(a,R+---+a,R). Then (AR (R)+---+AR(R)) . . . . |=0, and so
00 - 0
0 0
0 0 . . .
o €1y (AR, (R)+--+ AR, (R))=0. Therefore I is quasi-cofaithful.
0 0 0
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Corollary 2.8. Let R be a ring and n>1. Then each faithful ideal of R is quasi-

cofaithful if and only if each faithful ideal of R}Efl] is quasi-cofaithful.
<x"" >
a al oo an
. R[x] 0 a - a,, .
Proof. Since =3, . . ' Ia,aj € R}, hence by a similar argument
<x -
00 - a

as used in the proof of Theorem 2.7, one can prove it.

According to Hirano [8], a ring R is called to be quasi-Armendariz if whenever
polynomials f(x)=a,+a,x+---+a,x", g(x)=b,+b,x+---+b x" € R[x] satisfy
S (X)R[x]g(x)=0, then a,Rb; =0 for each i, j. If R is a commutative ring, then R is
quasi-Armendariz if and only if it is Armendariz. It should be notied that reduced rings
(i.e., rings with no nonzero nilpotent elements) are Armendariz and quasi-Armendariz.
The following examples show that there exist quasi-Armendariz rings such that some of

faithful ideals are not quasi-cofaithful.

Example 2.9. (1) Let F be a field and R = H;Fi where F, =F for all i. Then R is

reduced and so it is quasi-Armendariz. Let I =@, F,. Then [ is a faithful ideal of R.
But for each a,,...,a,€ I, ry(qR+---+a,R)#0.Hence I is not quasi-cofaithful.

(2) Let R be the ring in (1). Then M, (R) and T,(R) are quasi-Armendariz, by
[8, Theorem 3.12 and Corollary 3.15]. But M, (R) and 7, (R) have faithful ideals which

are not quasi-cofaithful, by Theorems 2.2 and 2.6.
According to [7], for a monoid M , a ring R is called M -quasi-Armendariz, if
a=ag,++a,g,, B=bh+--+b,h, e RIM] satisfy aR[M]5=0, then a,Rb, =0

for each i, j. Clearly, for M = N U{0}, aring R is M -quasi-Armendariz if and only if
R is quasi-Armendariz.

Recall that a monoid M is called a unigue product monoid (or wu.p.-monoid) if for
any two nonempty finite subsets A,B c M there exists an element ge M uniquely
presented in the form ab where ae A and be B. The class of u.p.-monoids is quite
large and important. For example, this class includes the right or left ordered monoids,
submonoids of a free group, and torsion-free nilpotent groups. Every u.p.-monoid M

has no non-unity element of finite order. We use R[M] to denote the monoid ring

M over R.
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An ordered set (S,<) is called artinian if every strictly decreasing sequence of
elements of S is finite, and (S5,<) is called narrow if every subset of pairwise
orderincomparable elements of S is finite. It is easy to see that (§,<) is artinian an
narrow if and only if every nonempty subset of S contains at least one, but only a finite
number, of minimal elements. For a partially ordered set X we write min X to denote
the set of minimal elements of X .

Marks et. al. [10] introduced a new class of u.p.-monoids as follows: An ordered

monoid (M ,<) is called an artinian narrow unique product monoid (or an a.n.u.p.-

monoid, or simply a.n.u.p.) if for every two artinian and narrow subsets A and B of M
there exists a u.p. element in the product AB. Also an ordered monoid (M ,<) is called
a minimal artinian narrow unique product monoid (or a m.a.n.u.p.-monoid, or simply
m.a.n.u.p.) if for every two artinian and narrow subsets A and B of M there exist
aeminA and b€ min B such that ab is a u.p. element of AB .

For an ordered monoid (M ,<), Marks, Mazurek and Ziembowski [10] proved the
following implications:

M is a commutative, torsion-free, cancellative monoid

U

(M ,<) is quasitotally ordered
U
(M ,<)is a m.a.n.u.p.-monoid
U
(M ,<)1is an a.n.u.p.-monoid
U
M is a u.p.-monoid

Also they showed that all of the implications in diagram above are irreversible.

Theorem 2.10. Let R be a ring and M a u.p.-monoid. If R is M -quasi-Armendariz,
then each faithful ideal of R is quasi-cofaithful if and only if each faithful ideal of
R[M] is quasi-cofaithful.

Proof. Assume that each faithful ideal of R is quasi-cofaithful. Let J be a faithful ideal
of R[M]. Let I be the set of all coefficients of elements of J in R. Then [is a
faithful ideal of R, and by assumption there exist a,,...,a, €l such that

rR(@R+---+a,R)=0. For each g, there exists &, € J such that a; is a one of the
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coefficients of «a,. We claim that ry, (o, RIM]+--+a, RIM])=0. Let
B=bh+--+bh, € ry, (@, RIM]+---+a, RIM]). Then a, RIM]f =0, for each
i=1,...,m. Hence ainj =0 for each i,j, since R is M -quasi-Armendariz. Thus
bje re(@R+---+a,R)=0, for each j=1,...,n, and so f=0. Therefore J is quasi-
cofaithful.

Conversely, assume that each faithful ideal of R[M ] is quasi-cofaithful. Let I/ be a
faithful ideal of R. We show that I[M] is a faithful ideal of R[M]. Let
B=bh +--+bh, € ry,,(IIM]). Then Ib,=0 for each i=1...,n. Hence
b,e r,(I)=0 for each i and so I[M] is faithful. There exist «,,...,a, € I[[M] such
that 7y, (RIM]+---+a, RIM])=0. Let a,a,,...,a,,,a,,,a,,....a a,, be

>¥mi>c 2% mn,

the all coefficients of ¢,,...,a, in R. We claim that rg(¢,R+---+a,, R)=0.If

be rg(a;R+---+a,, R), then (¢RIM]+---+a,RIM])b=0, and so b=0. Therefore

I is quasi-cofaithful.
By [7, Proposition 1.7], if R is a semiprime ring and M a u.p.-monoid, then R is

M -quasi-Armendariz. Hence we have the following result.

Corollary 2.11. Let R be a semiprime ring and M a u.p.-monoid. Then each faithful
ideal of R is quasi-cofaithful if and only if each faithful ideal of R[M] is quasi-
cofaithful.

According to [4], aring R is called guasi-Baer if the right annihilator of every right
ideal of R is generated by an idempotent. Note that this definition is left-right
symmetric. By [7, Corollary 2.4], if R is a quasi-Baer ring and M a u.p.-monoid, then

R is M -quasi-Armendariz. Hence we have the following result.

Corollary 2.12. Let R be a quasi-Baer ring and M a u.p.-monoid. Then each faithful
ideal of R is quasi-cofaithful if and only if each faithful ideal of R[M] is quasi-

cofaithful.
Note that by [2, Proposition 2.1] if R, is quasi-Baer for each ae A, then

R :H%ARQ is quasi-Baer. Hence Example 2.9(1) shows that there exists a quasi-

Baer ring R such that has a faithful ideal which is not quasi-cofaithful.

Beachy and Blair [1, Proposition 1.9], proved that a commutative ring R is zip if and
only if R[x] is zip. In Theorem 2.10, if we consider M = N U{0} or M =Z, then we

have the following result.
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Corollary 2.13. Let R be a quasi-Armendariz ring. Then the following are equivalent:

1- Each faithful ideal of R is quasi-cofaithful;
2- Each faithful ideal of R[x] is quasi-cofaithful;

3- Each faithful ideal of R[x,x”'] is quasi-cofaithful.

Since quasi-Baer rings are quasi-Armendariz [8, Corollary 3.11], hence we have the

following result.

Corollary 2.14. Let R be a quasi-Baer ring. Then the following are equivalent:

1- Each faithful ideal of R is quasi-cofaithful;
2- Each faithful ideal of R[x] is quasi-cofaithful;

3- Each faithful ideal of R[x,x'] is quasi-cofaithful.
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