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Abstract
Let ( R,m) be a Noetherian local ring, a an ideal of R and M a finitely generated R-
module. We investigate some properties of formal local cohomology modules with respect
to a Serre subcategory. We provide a common language to indicate some properties of

formal local cohomology modules.

1. Introduction

Throughout this paper ( R, m ) is a commutative Noetherian local ring, a an ideal of
R and M is a finitely generated R- module. For an integer i € N, H.(N) denotes the i-
th local cohomology module of M with respect to a as introduced by Grothendieck (cf.
[11, [2]

We shall consider the family of local cohomology modules {Hp, (anlM)}nEN for a
non-negative integer i € N,. With natural homomorphisms; this family forms an inverse

system. Schenzel introduced the i-th formal local cohomology of M with respect to a
in the form of £(M) = 22 H}, (%) which is the i-th cohomology module of the a-
adic completion of the Cech complex &, ®z M, where x denotes a system of elements
of R such that Rad( x,R ) = m (see [3, Definition 3.1]). He defines the formal grade
as f.grade(a,M) = inf {i € Ny | (M) # 0}. For any ideal a of R and finitely
generated R- module M the following statements hold:

(i) (See [3, Theorem 3.11]). f 0> M > M - M" - 0 is a short exact sequence of

finitely generated R- modules, then there is the following long exact sequence:
o fa(M) > fa (M) > fg(M) > -
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(ii) (See [3, Theorem 1.3]). f.grade( a,M) < dim(M) — cd( a, M ); some properties
of formal local cohomology have been presented in [3, 4, 5 and 6].

Throughout this paper S denotes a Serre subcategory of the category of R- modules
and R —homomorphisms (we recall that a class Sof R-modules is a Serre
subcategory of the category of R- modules and R-homomorphisms if § is closed under
taking submodules, quotients and extensions).

Our paper contains three sections. In Section 2, we shall define the formal grade of a
with respect to M in S as the infimum of the integers i such that /(M) ¢ S and is
denoted by f.grades(a,M ). (See definition 2.1). Then we shall obtain some

properties of this notion. We show that if T',(M) is a pure submodule of M, then

R R _ M
HomR(Z,f,{(Fa(M)) and HomR(;,,f 1(ra(M))) belong to & ,wheret =

f.grades (a,M).
In Section 3, we shall define the formal cohomological dimension of a with respect
to M in S as the supremum of the integers i such that f,/(M) ¢ S and is denoted by

f.cds(a,M). (See definition 3.1). The main result of this section is that if fi(M) € S
and Hi,(M) € S forall i > t, then = ® f(M) belongs to S.

2. The formal grade of a module in a Serre subcategory

Definition 2.1. The formal grade of a with respect to M in § is the infimum of the
integers i such that £{(M) ¢ S and is denoted by f. grades(a, M ).

Proposition 2.2. Let (R,m ) be a local ring and a be an ideal of R. If0 > L - M —
N — 0 is an exact sequence of finitely generated R- modules, then the following
statements hold.

(a) f.grades (a,M ) = min{f.grades (a,L), f.grades (a,N )} .
(o) f.grades (a,L) = min{f.grades (a,M ), f.grades (a,N) + 1}.
(c) f.grades (a,N) = min{f.grades (a,L) — 1, f.grades (a,M )}.

Proof. According to [3, Theorem 3.11], the above short exact sequence induces the

following long exact sequence.
o i) = fA (L) = fEM) > fE(N) = fatH (L) = -
So, the result follows.
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Corollary 2.3. If x = x4, ...,x, IS a regular M-sequence, then f. grades (a,%) >
f.grades (a,M )-n.

Proof. Consider the following exact sequence (n € N)

M Xn M nat. M
0- -0
(%1, ) X1 )M (%1, vy Xn_1)M (%1, ey X)) M

whenever n = 1 by (xy, ..., x,_1)M we means 0.

Corollary 2.4. Let a and b be ideals of R. Then

(a) f.grades (anb,M) >

min{f. grades (a,M ), f.grades (b,M ), f.grades ((a,b),M) + 1)}.

(b) f.grades ((a,b),M ) >

min{f.grades (anb,M) —1,f.grades (a,M ), f.grades (b,M )} .

Proof. For all n € N there is a short exact sequence as follows:
0 M M M M

- - ) - -
a*MnNnb"M a*M ~ b"M (a™ b™)M
By using [3,Theorem 5.1], the above exact sequence induces the following long exact

0.

sequence.

oy lm i M ) lim pyi M) lim i(M _y im i M 5
neN""M \ (anb)"M neN - "m\ gny neN "m \ pny neN" "M \ (q,p)"M

So by using an argument similar to that of Proposition 2.2, the result follows.

Corollary 2.5. Assume that M is a finitely generated R- module and N; and N, are
submodules of M. Then considering the exact sequence 0 —

—_
M M

N U N, Nt
@ f.gradeg (a , leNz) > min{f. grades (a, %),f. grades (a ,
MN2, f.gradeSa , MVI+ V2 +1}.
(b) f.gradeg (a , ) > min {f. grades (
MN1, f.gradeSa , MN2 .

— 0 we shall have

Nyi+ Ny NN Nz) — L f.grades (a ’

Theorem 2.6. Let a be an ideal of a local ring (R,m ) , M be a finitely generated R-
module and L be a pure submodule of M. Then f.grades(a,L) = f.grades(a,M)
where § is a Serre subcategory of the category of R- modules and R-homomorphisms.
In particular, inf {i|H.,(L) ¢ S} > inf {i|H.,(M) ¢ S} .
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Proof. Let L be a pure submodule of M. So L5 % is pure for each n € N. Now

amnL

according to [8, Corollary 3.2 (8)] , Hi, (ﬁ) - H}, (an) is injective. Since inverse
limit is a left exact functor, fi(L) is isomorphic to a submodule of f(M).
Consequently ,f.grades(a,L) = f.grades(a,M). If a = 0 then, f.grades(0,M) =

inf {i|H.,(M) ¢ S} and the result follows.

Corollary 2.7.1f 0> L —-> M — N - 0 is a pure exact sequence of finitely generated
R- modules, then min {f. grades(a,L), f.grades(a,N) + 1} = f.grades(a,M).

Proof. Since L is a pure submodules of M, as a result of the previous theorem,
f.grades(a,L) = f.grades(a,M). Hence we must prove that f.grades(a,N) +
1> f.grades(a,M). We assume that i < f.grades(a,M) and we show that
i < f.grades(a,N) + 1. Consider the following long exact sequence.
o TN M) = TN = fa(L) = fa(M) = fE(N) = - (x)

If i <f.grades(a,M), then £2(M), fL(M),.., =2 (M), fi(M) €S. On the other
hand, since i < f.grades(a,M) < f.grades(a,L),f2(L), ..., fi(L) € S. Hence, it
follows from (xx) that £2(N), ..., fi"*(N) e Sand so i — 1 < f.grades(a,N).

Theorem 2.8. Let ( R,m ) be a local ring, a be an ideal of R, § be a Serre subcategory
of the category of R-modules and R_homomorphisms and M € § be a finitely
generated R-module such that T',(M) is a pure submodule of M. Then
Homp (g ,fat(Fa(M))) € S, where t = f.grades(a,M).

Proof. Due to the previous theorem, f.grades(a,T,(M)) = f.grades(a,M). If
f. grades(a,Fa(M)) > f.grades(a, M), then the result is obvious. Accordingly, we
assume that f. grades(a,Tq(M)) = f. grades(a,M). We know that Supp(I'q(M)) <
Var (a). By using [4, Lemma 2.3], f{(To(M)) = H.,(T,(M)) for all i > 0. So, if
j < f.grades(a, M), then f](Tq(M)) = Hp,(To(M)) € S and Extl(— , Hj(Ta(M)) €
§ for all k=0 and j< f.grades(a,M). Moreover Ext};(% ,Fa(M)> €S,
because I', (M) € §. Consequently, according to [7, Theorem 2.2],

HomR(% HE(To(M)) € S, where t = f. grades(a, M).

Corollary 2.9 With the same notations as Theorem 2.8, let X € § be a submodule of
t
fET (M), where t = f.grades(a,M). Then HomR(% ,M) €S.

Proof. Consider the long exact sequence:
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HomR( S (T (M)))—>Hom (R M)ﬁExt,%(%,X).(*)

X
In accordance with the previous theorem HomR(—,faf(Fa(M)))es Moreover

R ff (ra(M))) c

Ext}%( ,X) € S. It follows from the exact sequence (x) that HomR( X

S.
Theorem 2.10. Suppose that a is an ideal of (R,m ) and M € S is a finitely generated

R-module such that T,(M) is a pure submodule of M. Then

R rt—1
Homs (5 £ (75

)) € §,where t = f.grades(a,M).

Ta(M)
Proof. One has f.grades(a,T,(M)) = f.grades(a, M), by Theorem 2.6. Now, the

exact sequence 0 -» I[,(M) » M-

Y 0 induces the following long exact
Ta(M)

sequence:

5 g (raon) L o L e (22 L g raen) S -

Using the exact sequence (*), we obtain the short exact sequence 0 - Im(f) —
fiI(M) -» Im(y) - 0. SinceffI(M)es, Im(B)esS and Im(y)€S.
Furthermore, we have the exact sequence 0 — Im(§) — HE (T,(M)) » Im(p) — 0

which induces the following long exact sequence:

0 — Homg (= ,Im(§) ) = Homg (1 , Hn(Te(M)) ) = -

Thus HomR(% ,Im(§) ) € §. Finally, by considering the short exact sequence 0 —

Im@y) » £t (%) Im(E) - 0 we can conclude that Homg ( -t-1 (ﬁ) ) €s.

Theorem 2.11. Suppose that R is complete with respect to the a-adic topology and

M € S be a finitely generated R- module and t a positive integer such that £{(M) € S

forall i < t. Then Homg (% fE(M) ) ES

Proof.We use induction on t. Let t=0. Consider the following isomorphisms.

M
‘a"M

HomR( f (M)) = I|m Hom (— H? (—))~ I|m Hom, (

\3\:0

)

= Hom, (—, lim (——)) = Hom —,Mél = Hom, (—,M
R(m (g”M)) R(m ) R(m )
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: R . .
It is clear that Hom, (E’M) € S. So by the above isomorphisms, we deduce that

HomR(%, f2(M))es |

Suppose_ that t>0 and the result is true for all integer i less than t. Set N:=I,(M) .
Then fi(M) = f} (%) foralli >0 , and so we may assume that depthy(M) >

X
0. There is an M —regular element x € m. The exact sequence 0 - M — M -
x% — 0 induces the following long exact sequence:

s ) s frramy L fr (%)

- fmon 5 gmon S e (20

¢ X et h
- fa (M) _)fa (M) — . (*)
Using the exact sequence (*) we obtain the short exact sequence

S1(M)
xfEr(m)

> fi7 ()~ (0 1)~

fa (M)

Now, this exact sequence induces the following long exact sequence:

0.~ Homg (5 es) = Homa (55 267 (357) ) = Homa (37102 x0) =

1 (R fa0DY
ExtR(m !xfat—l(M)) - '(**)

By using (), f (x%) € S for all i <t —1. Therefore by the induction hypothesis

Homg ( = fii (l) ) €S.  Furthermore  Ext} (5 a (M)

m’’/2 xM m ’xf=t(m)

) €S because

fi~1(M) € §. Thus in accordance with (%), Hompg (% ,(0: x)) € S.Since x Em
fa (M)

according to [9,10.86] we have the following isomorphisms.
HomR(% ,(0: x)) = HomR(% ,Homp (x% ,fat(M))) =
Homg (%®R xiR  fa (M) ) = Homg (1%  fa (M) )

Consequently Homg (% , fE(M) ) €S.
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3. The formal cohomological dimension in a Serre subcategory

We recall from [3,Theorem 1.1] that for a finitely generated R- module M,
sup{i € No|f/(M) # 0} = dim (%).

Definition 3.1. The formal cohomological dimension of M with respectto ain § is The
supremum of the integers i such that £;;(M) ¢ S and is denoted by f.cds(a, M).

Theorem 3.2. Suppose that § is a Serre subcategory of the category of R- modules and
R — homomorphisms and L and N are two finitely generated R- modules such that
Suppgr(L) € Suppr(N). Then f.cds(a,L) < f.cds(a,N).

Proof. It is enough to prove that /(L) € S for all i > f.cds(a,N) and all finitely

generated R- module L such that Suppg (L) S Suppgr(N). We use descending induction
on i.For all i > dim (:)+ f.cds(a,N), fi(L)=0€S. Leti> f.cds(a,N) and the

result is proved for i + /. By Gruson’s theorem, there is a chain 0 =L, c L; c --- C

L, = L of submodules of L such that Li is a homomorfic image of a direct sum of
i-1
finitely many copies of N. Consider the exact sequence 0 - L;_; - L; — Li

-0

Li—;
(i=0,1,..,1). We may assume that [ = /. The exact sequence 0 - K —>(-D§=, N -

L — 0 where K is a finitely generated R- module iduces the following long exact
sequence:
= [ (@52 N) = fa(L) = i (K) = . (%)

Based on the induction hypothesis f;*/(K) € S. Moreover fi(@®‘.; N) =@°_, fi(N) €
S foralli > f.cds(a,N). Hence it follows from the exact sequence (x) that £,/(L) € S.

The next example shows that even if Suppgr(M) = Suppgr(N), then it may not true
that f.grades(a,M) = f.grades(a,N).
Example 3.3. (See [4, Example 4.3 (i)]) Let (R,m) be a 2 dimensional complete
regular local ring, § = 0 and a be an ideal of R with dim (g) = [. Then by using
[5,Theorem 1.1], f.grades(a,R) =1 and f.grades(a,=)=0. Set M:=R @~ .
Then Suppr(M) = Suppr(R). But

f.grades(a,M) = inf{f.gradeg(a,R),f.grades (a,%)} = 0.

Corollary3.4. Forall x € a, f.cds(a,M) = f.cds (a,%),

Corollary3.5. Suppose that 0 - L - M - N — 0 is an exact sequence of finitely
generated R- modules. Then f.cds(a,M) = max {f.cds(a,L), f.cds(a,N)}.
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Proof. Since Suppr(M) = Suppr(L) U Suppgr(N) by referring to Theorem 3.2 we
deduce that f.cds(a,M) = f.cds(a,L) and f.cds(a,M) = f.cds(a,N). Therefore
f.cds(a,M) = max {f.cds(a,L),f.cds(a,N)}.
Next we prove that max {f.cds(a,L),f.cds(a,N)} = f.cds(a,M).
Let i > max {f.cds(a,L),f.cds(a,N)}. Then fL(N),fi(L) €S and from the exact
sequence f;i(L) = f,i(M) = fL(N) we conclude that £{(M) € S. Thus,
max{f.cds(a,L),f.cds(a,N)} = f.cds(a,M).

We recall that the cohomological dimension of an R- module M with respect to an
ideal a of R in S is defind as

cds(a,M) :=sup {i € Ny|HL(M) ¢ S}.

The following lemma shows that when we considering the Artinianness of f,:(M), we
can assume that M is a-torsion-free.

Lemma 3.6. Suppose that a is an ideal of a local ring (R, m) and t be a non-negative
integer. If H %, (M) € S forall i > t, then the following are equivalent:

(a) fi(M) esSforalli>t.
i M .
(b) fi (Fa (M)) € s foralli > t.

Proof. According to the hypothesis ¢t > cds(m, M). On the other hand Suppg (', (M)) S
Suppgr(M). So by referring to [7,Theorem 3.5], cdg(m,l“a(M))scds(m,M). Thus,
t > cds(m,l“a(M)) and Hi,(To(M)) € S for all i > t. Now, consider the following

Iong exact sequence:
. . ) M .
o FTan) - L0 > £ (- (M)) L F(T QM) = . ()

According to [4,Lemma 2.3] f{(To(M)) = HL(T,(M)). By using the hypothesis
fi(Ta(M)) € S forall i > ¢. So it follows from the exact sequence (x) that f{(M) € S

if and only if £} (%) €S foralli>t.

Theorem 3.7. Let (R, m) be a local ring and M € S be a finitely generated R- module

of dimension d such that cds(m,M) < f.cds(a,M). Then £500)

ar D) €S where t =

f. Cdcg(a , M)
Proof. We use induction on d = dim (M). If d = 0, then dim (%) = (). Accordingly to
[3, Theorem 1.1], £i(M) = 0 foralli > 0.
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Moreover (M) = M € S. By definition H},(M) € S for all i > t. Therefore from
the above lemma we can assume that M is a-torsion-free and there is an M -regular
element x € a. Consider the long exact sequence

= o 5 gon L g (S S pron e

By using the hypothesis f;;( M) € S forall i > t (because t = f.cds(a, M)). So using
the above long exact sequence fai(%) € § for all i > t. By induction hypothesis,

il 557)

afat( xM)

Afterwards from the exact sequence (*) we get the following short exact sequence.
M
0= Im() > £ ( =) = Im(g) = 0

So we obtain the following long exact sequence.

R Im(f) () m)
.. > TorR <E ,Im( )> - alm(f) aft (_) ” alm(g) -0

Since f{(M)e § and Im(g) is a submodule of fat“(M) we deduce that

€ S because dll’n( ) dim(M) — 1.

o M
Torf (— Im(g)) € S. On the other hand, é(ar) € S. Therefore (f) € S by the
af (XM) (f)

above long exact sequence.
Now, consider the following long exact sequence.

fa(M) = fa(M) _ Im(f)
aff(M) — aff(M)  alm(f)

fa(M) . Im(f) fa (M)
€ n ntl € S.
So, 2T = atm() because x € a. Consequently, T S

- 0.

Proposition 3.8. For a finitely generated R- module M,
f. cdg(a,M) = max {f.cd; (a,ﬂ) |P € Assgr(M)}.

Proof. Set N:=_ . ® £ Then Suppr(M) = Suppr(N). So, by Theorem 3.2 and

PEAssr(M) P

Corollary 35, f.cds(a, M) = f.cds(a,N) = max {f.cds (a,3) |P € Assp(M)}.

Proposition 3.9. Assume that a is an ideal of the local ring (R,m). Then
Homg (=, f/(M)) € § if and only if. Homg(~ , M%) € S.

Proof. It is enough to consider the following isomorphisms

R R M ; R M
me | — £ ~ lm 0 ~ lim
Ho R( ,ﬂ(M)): neNHomR< H (anM)>: mHOmR(_,W>

~ H E lim M ~H EM“
= OmRm,manM_ omRm, .
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